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ABSTRACT: This study develops and solves mathematical models using a time-dependent Fick’s law of diffusion 

with the tools of non-Newtonian mechanics specifically the power-law fluid model with appropriate boundary conditions 

to predict the concentration profiles of carboxyhemoglobin (COHb) species in the human bloodstream from carbon 

monoxide (CO) inhaled over some time. The concentration of CO and the length of exposure determines how much 
harm it does to the body. The model developed prediction compares favourably with experimental results and other 

models in the literature. The standard error obtained when compared with the experiment is 1.02.  The results show that 

the height of individuals has a significant effect on COHb and CO concentration in both adult male and female such that 
taller individuals are more susceptible to CO poisoning than shorter ones, but height has no significant effect in children. 

Similarly, the male is at a higher risk of CO poisoning than the female counterpart of the same age and height. 
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The levels of pollution of the environmental media on 

this planet namely: air, land, and water bodies are 

rising daily with an increase in the human population 

as well as the increasing number of vehicles and 

electric power plants that release toxic gas emissions 

into the atmosphere. This poisonous gas, carbon 

monoxide (CO), is emitted from the exhaust pipes of 

internal combustion engines of these machines in 

which a class of fossil fuels namely: Premium Motor 

Spirit (PMS) and Automotive Gas Oil (AGO) are 

burnt for vehicular propulsion and electric power 

generation respectively. This phenomenon is 

commonly found in congested cities of both 

developing and developed countries across the globe. 

Cities with high vehicle density such as Hong Kong 

(246 vehicles per kilometre) and Berlin (208 vehicles 

per kilometre), and Lagos (222 vehicles per kilometre) 

all have a likelihood of Carbon monoxide (CO) 

pollution (World vehicular emissions Inventory, 

2013). The primary consequence is the negative 

impact on the health of human subjects that are 

resident or working in these densely-populated cities. 

CO is an odourless, tasteless, and colourless gas. It is 

the second most common environmental pollutant 

after carbon dioxide (Ruth-Sahd et al., 2011). The 

environmental CO level is a function of the ventilation 

available. Sully et al. (2018) reported that the 

environmental CO concentration levels could be as 

low as 0.02% if a fire is well ventilated, whereas 

smouldering, poorly ventilated fires can produce 

between 1 and 10% carbon monoxide. Adewunmi 

(2016) reported that CO constitutes about 5 to 10 % of 

the exhaust gases from an average automobile or truck 

engine. CO poisoning may occur as a result of 

inhalation of exhaust gas from automobiles, electric 

power plants, or incomplete combustion of charcoal, 

briquettes, fuel gas or oil in a closed place (Kudo et 

al., 2014). The concentration of CO and the length of 

exposure determines how much harm it does to the 

body. Agajo et al. (2011) noted that smaller 

concentrations could be harmful over a more extended 

period while increasing concentrations becomes 

harmful within a shorter period. The symptoms of CO 

poisoning are nonspecific and therefore tend to be 

under-recognised in health care settings (Ruth-Sahd et 

al., 2011). Haemoglobin has a stronger affinity with 

CO than with oxygen up to about 230 times (Bateman, 

2003) binding with the haemoglobin in the blood to 

form carboxyhemoglobin (COHb) in the bloodstream 

(Modic, 2003). The duration of exposure to CO 

determines the classification as acute or chronic 

poisoning. More prolonged exposure causes a 

reduction in the oxygen carrying capacity in the tissues 

resulting in ailments such as headache, dizziness, 

lightheadedness, memory loss, nausea, vomiting, 

fatigue, confusion, hallucination, disorientation, visual 
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disturbance, seizures and prevalence of death in 

prolonged exposure to CO (Struttmann et al., 1998). 

Ruth-Sahd et al. (2011), identified four areas of the 

pathophysiological effects of CO. These include 

haemoglobin binding, direct cellular toxicity, protein 

binding, and increases in nitric oxide (NO). Several 

researchers have carried out studies on CO diffusion 

in human subjects without considering the age, gender 

and height of the subjects. In most cases, those 

parameters are considered in isolation. From 

experiments and hospital records, Ruth-Sahd et al. 

observed that children have the highest nonfatal rate 

for CO exposure, whereas older adults accounted for 

23.5% of COP deaths monitored. However, males are 

2.3 times more likely succumb to CO poisoning than 

females counterpart. The report further noted that 

Non-Hispanic whites and African Americans have the 

highest death rate. This paper, therefore, reports a 

mathematical model to evaluate the effect of carbon 

monoxide exposure as a function of gender, age and 

height. 

 

MATERIALS AND METHOD  

The mechanisms involved in the transport of COHb in 

the pulmonary capillary are the molecular convection 

and the expedited diffusion of CO due to the presence 

of haemoglobin as a carrier (figure 1). 

 
 Fig 1. Schematic diagram of the model 

 

We consider the pulmonary capillary as a cylindrical 

channel. Based on Fick’s Law of diffusion for CO and 

COHb transport and concentration in the bloodstream, 

we have the following 1D systems of partial 

differential equations: 

 

2CO
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Where CCO is the concentration of CO, CCOHb is the 

concentration of COHb and S is the source term. The 

source term as derived by Gibson and Roughton 

(1955) is given as 

( )
2
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Where m′  = association rate to CO and m = 

dissociation rate.  

 

Incorporating the relationship of the diffusion capacity 

Dco with age, height and gender expressed in Joumard 

et al. (1981), as  

 

Male Adult: 

 0.329 0.000135 0.318coD H Y= − −  (4a) 

Female Adult:  

0.119 0.00087 0.015coD H Y= − −  (4b) 

Children:  

0.117 0.022coD A= −    (4c) 

 

Development of Power Law Fluid Model: The blood 

is considered as a pseudo-plastic fluid in which the 

apparent viscosity decreases with an increase in shear 

rate. Hence, the axisymmetric blood flow through an 

axially symmetric circular cylindrical artery is 

considered to be a power law fluid, and blood flow is 

steady and laminar with no following reaction in the 

blood after the formation of COHb. The constitutive 

relation for a power law fluid pioneered by Ostwald-

de Waele (1924) is given as 

 
1n

rz

dv dv
k

dr dr
τ

−

 
= −  

 
  (5) 

 

Where rzτ  is the shear stress, k  = power law 

prefactor usually regarded as a function of temperature 

and n= Power law exponent,  
dv

dr
= velocity gradient 

The shear stress can be expressed as  

 

1

2
rz Prτ = ∆     

 (6) 

 

Where P∆  is the pressure gradient. Hence, equation 

(5) becomes 
1

2

ndv Pr

dr k

∆ 
= − 
 

      (7) 
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Considering that the velocity gradient is zero at the 

centre, while there is no slip at the boundary, the 

associated boundary conditions are: 

0
0

0

rdv

atdr

v r R

=
=


 = =

 (8) 

Integrating (7), we have 
1

0
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For a power law fluid such as blood, 0 1n< <  

Representing equations (1) and (2) in cylindrical 

coordinate in a dimensionless form and substituting 

equation 10, we have 
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Where 

2

m CO

m O

α
β

α

′
=    (13) 

β  is a constant that represents the affinity of 

haemoglobin for CO over O2 . 

 

The initial and boundary conditions are: 

At  
10, 0.76%t C= =  

2 0.%C =            (14a) 

At 10, 0
C

r
r

∂
= =

∂
for all 0t >                   (14b) 

At  21, 0
C

r
r

∂
= =

∂
for all 0t >           (14c) 

The equations (11) and (12) are solved using the 

nonlinear PDE module in MATLAB toolbox for 

cylindrical coordinates in the form 
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 (15) 

RESULTS AND DISCUSSION 
Equation 15 is solved with different age and height for 

male and female as well as children using the 

parameters in Table 1. The results are compared with 

the experiment of Peterson and Stewarts(1970) and 

other models in the literature. The percentage COHb 

computed for a male adult of height 1.6m and 30 years, 

of age, is shown in Table 2. The standard error of our 

model, when compared with the experiment of 

Peterson and Stewarts (1970), is 1.02. The standard 

errors for Singh et al. (1991) model, CFK equation and 

nomogram, when compared with the same experiment 

are 0.848, 1.31 and 1.56, respectively.  The experiment 

of Peterson & Stewarts did not state the specific 

gender, age and height of the respective subjects. If the 

gender, age and height of the subjects are available, the 

likelihood of our model prediction having the least 

error is high. 

 
Table 1. Simulation parameters 

S/N Parameter 

Description 

Symbol Value 

a) Concentration of 

Haemoglobin 

Hb 9.302×10-6 

mol/ml 

b) Radius of Artery R 4×10-6m 

c) Transit Time T 0.75sec. 

d) Association Rate m' 18.8/sec. 

e) Dissociation Rate m 0.062/sec. 

f) Power law index n 0.6 

 

Table 2. Comparison of COHb result of the model with the 

experiment by Petersons and Stewart (1970) 

Ambient 

CO 

Exposure 

Time 

Experimental 

(Peterson and 

Stewarts (1970)) 

Our 

model 

25.4 120 1.5 1.88 

39.6 60 1.8 1.74 

44.7 120 2.48 2.85 

46 180 3.86 3.79 

48 240 5.07 4.73 

50.2 360 5.1 6.29 

50.3 480 5.6 7.34 

51.2 180 3.75 4.16 

51.5 30 1.3 1.43 

51.6 60 2.12 2.06 

87.9 60 2.9 3.03 

91.9 180 6.61 6.98 

93.2 360 10.75 11.12 

93.5 60 3.37 3.18 

94 480 12.08 13.05 

96.4 120 5.1 5.42 

98.1 180 7.23 7.4 

98.4 240 7.34 9.07 

98.7 180 6.36 7.44 

99 120 3.96 5.54 

99.2 180 7.02 7.48 

99.3 30 2 2.09 

99.7 60 3.27 3.34 

99.8 480 12.42 13.78 

100 45 3.05 2.74 

100.2 480 12.87 13.83 

101 360 11.38 11.97 

101.5 360 11.27 12.03 

102 30 2.1 2.13 

103.2 420 10.59 13.29 

196.9 120 10.08 10.28 

198.4 180 13.83 14.08 

199.5 240 15.97 17.29 

200.8 30 3.43 3.49 

200.8 60 5.93 6.01 

502 15 5.25 4.25 

502 90 18.4 19.19 
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Effect of Gender on COHb concentration: Figure 2 

shows that the concentration for a male is higher than 

female. The male is at a higher risk of CO poisoning 

than the female counterpart of the same age and height. 

 
Fig 2: Effect of Gender on COHb against exposure time for 1.7m 

height and 50 years of age at 100p.p.m ambient CO 

 

Effect of Age on COHb concentration: There is no 

significant influence of age difference in the 

concentration of CO or COHb for men. However, 

there is a significant influence of age difference in the 

concentration of COHb in women. The younger 

women have a higher concentration of COHb while 

the older women have a lower concentration when 

exposed to the same level of CO as shown in Figure 3. 

 
Fig 3. Effect of Age on COHb Concentration against exposure 

time for Male and female of height 1.7m at 100p.p.m ambient CO 

Effect of Height on COHb concentration: From Figure 

4, the height of individuals has a significant effect on 

COHb and CO concentration in both male and female. 

The concentration is higher in taller human than in 

shorter ones and takes a longer time in shorter humans 

to reach steady state. 

 
Fig 4. Effect of Height on COHb Concentration against exposure 

time for Male and female of 50 years old at 200p.p.m ambient CO 

 

Effect of Ambient CO on COHb concentration: In 

Figure 5, the level of CO and COHb concentration is 

a function of the level of ambient CO in the 

environment. The higher the ambient CO, the higher 

the percentage COHb. The pattern is similar in both 

male and female. 

 

Effects of Age on COHb Concentration in Children: 

The effect of COHb and CO concentration are affected 

by the ages of Children only. Height and gender have 

no significant effect, unlike adults. The concentration 

of ambient CO determines the level of concentration 

after exposure as shown in figures 6a. However, 

Figure 6(b) show the effect of age on the concentration 

of COHb to exposure time in children. The 

concentration is higher in older children than in 

younger ones. The concentration of CO takes a longer 

amount of time to reach a steady state in younger 

children than in older children.  
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Fig 5. COHb against exposure time for 1.7m height and 50 years of 

age at for varying ambient CO 

 
Fig 6.  Effect of COHb on Children   (a) 5 years of age at varying 

ambient CO (b) 100ppm Ambient CO at varying Age 

 
Conclusion: In this work, a power-law based model 

for the prediction of COHb and CO concentration in 

human blood as a function gender, age, height and 

exposure time has been developed. The results show 

that the height of individuals has a significant effect on 

COHb and CO concentration in both adult male and 

female such that taller individuals are more susceptible 

to CO poisoning than shorter ones. The result is in 

agreement with experimental work and other models 

in the literature.  
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